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Abstract

A new model for calculating the coefficients of thermal expansion, CTE, in all three coordinate directions is developed for composites con-
taining aligned, axisymmetric elliptical particles, i.e., characterized by a single aspect ratio, that in the limit approximate the shapes of spheres,
fibers and discs. This model is based on Elshelby’s method but employs a somewhat different formulation than used in prior papers; a main
advantage of the current approach is that it can be readily extended to composites based on ellipsoidal particles with no axes of symmetry,
i.e., all three major axes are different, as recently demonstrated for modulus. CTE predictions for the simple case of axisymmetric particles
are illustrated by calculations for glass particles in the shape of spheres, fibers and discs in an epoxy resin and are compared to those from
the popular Chow theory. For spherical-shaped particles, the CTEs in all directions are the same and decrease modestly as the volume fraction
of filler particles increases. As the particle aspect ratio increases from unity, the thermal expansion becomes anisotropic. The coefficient of lon-
gitudinal linear thermal expansion always decreases with increasing aspect ratio and filler loading due to the mechanical constraint of the filler.
For aligned axisymmetric particles, the coefficients of linear thermal expansion are always the same in two directions. The values in the trans-
verse direction may be higher or lower than that of the matrix depending on the values of aspect ratio and filler loading; these regions are mapped
out for this particular set of matrix and filler properties. The two-dimensional constraints on matrix expansion caused by discs versus the
one-dimensional effects of fibers cause quantitative differences in behavior for the two shapes.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction composites based on a polymer matrix with dispersed inclu-

sions have been a particular interest. It is generally expected

Theoretical and empirical relations between the structure of
two-phase materials and their properties have been studied for
decades [1—32]. The mechanical and thermal properties of
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that the mechanical and thermal properties of composites are
dependent on the shape, the orientation, and properties of
the included particles plus their adhesion to the matrix. The
basic theories needed to model composites containing inclu-
sions characterized by a single aspect ratio, such as spheres
(po = 1, ay = ax = as), fibers (a; > a, = az), and discs (a; =
a, > az), are well known, where a; is the dimension of the
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inclusion in the x; direction and the others can be readily un-
derstood (see Fig. 1). Mura [6] showed how to use these the-
ories to formulate explicit expressions for the components of
the tensors of ellipsoidal inclusions.

Much of the prior literature has focused on fiber reinforce-
ment, but with the advent of nanocomposites, there is a grow-
ing interest in fillers with other shapes like platelets that may
be irregular in dimensions. In this paper, we describe a theoret-
ical approach for predicting the coefficient of thermal expan-
sion, CTE, behavior of composites containing spherical,
fiber-like and two-dimensional disc-like ellipsoidal inclusions
characterized by a single aspect ratio, p, = a;/as. The parti-
cles are assumed to be uniformly distributed and unidirection-
ally aligned within the composite as well as being well bonded
to the matrix. The properties of the matrix and the filler are
assumed to be isotropic and known. The analysis used here
follows the procedure developed earlier for the elastic moduli
of composites [5,9] and differs from that of Takao and Taya
[13] in certain details.

An advantage of the current approach is that it can be read-
ily extended to composites based on ellipsoidal particles
where all three major axes are at different ¢, ie., a; #
a, # as, such that two aspect ratios are needed to characterize
them as was shown in a recent paper on the modulus of such
composites [9]. In a subsequent paper, we will present the
analogous treatment of CTE behavior which is of particular
interest for polymer nanocomposites used in automotive
applications.

2. Background

The development of the self-consistent theory that follows
makes use of Eshelby’s equivalent transformation strain [1] of
inclusions, Hill’s limitation of the upper and the lower bounds
for the effective mechanical properties of composites [2],
Hill’s idea of stress- and strain-concentration tensors and
Mori—Tanaka’s average stress [3].

Many different approaches ranging from ones based on em-
pirical data for polymer composites to sophisticated analytical
or numerical analyses based on applied mechanics have been
reported in the literature. Schapery [14] and Wakashima et al.

Fig. 1. Schematic representation of ellipsoidal inclusions, or filler particles,
characterized by a single aspect ratio p, = a;/as. The case where a; =a, =
as, corresponds to a sphere while fibers are approximated by a; > a, = a3,
and discs by a; = a, > as.

[15] proposed a way to determine the effective CTE of isotro-
pic and anisotropic composite materials consisting of isotropic
phases by employing principles of thermo-elasticity based on
energy considerations. Chow [10—12] developed a theory for
the effects of particle shape on the thermal and mechanical
properties of filled polymers. Takao and Taya [13] also pro-
posed a theoretical formulation for CTE using the concepts
of eigenstrain and transformation strain. Mean-field of
Eshelby-based homogenization techniques for thermo-elastic
composites was published by Pierard et al. [26]. For two-
and multi-phase composites, direct homogenization schemes
which lead to a non-symmetric overall stiffness tensor were in-
troduced. Li [27] studied non-symmetric effective moduli with
an effective-medium-field micromechanics approximation
using normalized concentration factors by the Mori—Tanaka
and self-consistent approaches. The effects of misaligned par-
ticles were described by Doghri and Tinel [28] using microme-
chanics with mean-field homogenization methods for volume
and orientation averaging.

Direct predictions of CTE behavior using a finite-element
based numerical approach for short-fiber reinforced compos-
ites were reported recently by Lusti et al. [29]. Dray et al.
[30] compared the thermo-elastic properties of injection
molded short-fiber composites predictions by several closure
approximations. Recently, Hbaieb et al. [31] modeled the stiff-
ness of polymer/clay nanocomposites via two- and three-
dimensional finite-element methods using the commercial
software ABACUS.

Ellis and D’ Angelo [21] studied the thermal and mechani-
cal properties of a polypropylene nanocomposite, containing
approximately 4 wt% of an organophilic montmorillonite
clay and 20% talc-filled PP. Research on the CTE of carbon
nanotube polymer composites was also recently conducted
by Wei et al. [22]. Lee et al. [23,24] reported experimental
data for nanocomposites based on blends of polypropylene,
elastomer and an organoclay. The thermal expansion behavior
was interpreted in terms of the morphology of both the elasto-
mer domains and the filler particles. Comparisons among sev-
eral analyses for predicting the CTE of composites containing
unidirectional graphite fibers in the longitudinal and transverse
directions with experimental data were made by Bowles and
Tompkins [25].

3. Model development
3.1. Basic theory

As the temperature changes in a two-phase composite, an
internal strain develops that can be expressed as follows:

;= (ar — am) ATS; (1)

where «, and «f are the linear CTE of the matrix and the
inclusion, respectively; e; is the internal strain, eigenstrain
or thermal strain defined by Mura [6] due to the difference be-
tween or and oy,; AT is the temperature change; and d;; is the
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Kronecker delta. The internal strain can also be expressed in
terms of the linear CTE for the composite, «;; as follows:

?,‘j = a,»jATé,«j (2)

For the ideal condition of free external stress and uniform sur-
face traction on the boundaries of the composite, the internal
strains due to the thermal expansion and the external strain
can be analyzed by the average stress [3]. In composite mate-
rials, the external strain, €, is related to the internal strain e due
to the thermal expansion and the applied volume-average
stress, o, via the elastic moduli tensor of the composite, C,
which contains contributions from the elastic modulus tensor
for the matrix and that of the perfectly aligned ellipsoidal
inclusions. In the thermal expansion problem, the external
average stress can be expressed by [6]

7=C(s—e) (3)

As the temperature changes in the absence of an external load,
the external stress will be zero, and the expansional internal
strain can be expressed by the external strain, €, as follows:

=z (4)

The average strain over an adequate system volume ¢ is not
equal to the homogeneous strain ¢™ due to the presence of
the inclusions. This problem has to do with the perturbation
strains of the matrix ™ and filler Et, which are the differences
between the local strain and the average strain, and correspond
to the average perturbed stresses for the matrix, ¢, and for the
filler, &f, respectively. These are related as follows [5]

F=em 4+ "+ & (5)

In order to predict CTE behavior, we simply follow the deri-
vation by Lee and Paul [9] based on Eshelby’s equivalent
principle [1], using the equivalent transformation strain of
the inclusion, &', for the ellipsoidal shaped inclusions without
external volume-average stress (¢ = 0). The stress equivalence
in the inclusion may be expressed by [5]

G+ =C () = (e E ) (6)

The relationship between transformation strain and thermal
strain due to the mismatch of «, and «y was defined differ-
ently by Takao and Taya [13]. The average strain of the com-
posite over the matrix and its inclusions, &, is related to the
volume fraction of inclusions ¢, as follows [9]

="+ ¢ (7)

As temperature changes, the pure homogeneous matrix, free of
any external stresses, induces the same amount of internal
strains in the three directions as an isotropic matrix due to
the thermal expansion; i.e., e™ = &} = &5, = €3} and (o), =
(atm)yy = (@m)33 = am. Therefore, we can get

g &
I3 e O
and
O el
o T an AT oA, ©)
where
et
Al =Y 10
v (XmATé,‘j ( )

Here, A}j corresponds to the transformation strain tensor, &',
given by Eshelby’s equivalent principle. The ratio of the
equivalent transformation strain to the coefficient of the linear
thermal expansion matrix, Afj, can be determined from the sec-
ond part of Eq. (6). Next, the linear CTE of the composite
material, o;;, can then be calculated from the linear CTE of the
pure matrix, o, and the volume fraction of filler from Eq. (9).

From Eq. (8), it can be seen that «; is linearly proportional
to the average strain of the composite, €, without any external
stress, that results from temperature changes. On the contrary,
the longitudinal Young’s modulus, E};, with external strain is
exactly inversely proportional to the average strain, from Eq.
(32) in Lee and Paul [9]. The relationship between «;; and
E,; is shown to be inverse in the current model.

Chow [12] reviewed the effect of particle shape on the
mechanical and thermal properties of filled polymers, using
different notations and definitions of the perturbed strain of
inclusion and gave the following expressions:

Ey (kf/km_l)G3+2(#f/ﬂm_1)K3

Em I 2K3G, + GsK, ¢ (11)
o kf/km(’Yf*’Ym)GS o]

TG 1 Gk am (12)
where K; = 1+(kf/kmfl)(lf¢)a,» (13)

where the parameters «; and §; are functions of the aspect ratio
p, and the Poisson’s ratio of the matrix, see Appendix of
Ref. [10]. According to Chow, the CTE of composites, a1,
in Eq. (12) has the same denominator as the expression for
the longitudinal Young’s modulus, E;;, in Eq. (11). In the
current model, the connection between «; and E; is not so
simple as in the Chow model.

3.2. Calculation of A}

The simple limiting cases of two-dimensional ellipsoidal
inclusions are illustrated in Fig. 1. The components of Eshel-
by’s transformation tensor, S;;, can be written as shown in
Appendix. They are dependent upon the geometry of the inclu-
sions and the Poisson’s ratio of the matrix.
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By use of Egs. (2), (6) and (9), the ratio of the equivalent
transformation strain, Afj, can be expressed by

(szjkl - C?}}d) [1 + (1~ ¢)SunmA + QA | +Cl, Ay =0 (15)
Eq. (15) allows us to calculate A}j in terms of known parame-

m f :
ters, such as ¢, i, Cjyy and Sgiy, and can be rearranged into
linear simultaneous equations as follows

BiA|| + ByA}, + ByAY; = Dy (16)
B3A\| + B4A), + BsA%, = Dy (17)
B3A|, + BsA, + B4A%, = Dy (18)
where

By =¢D, + Dy + (1 — ¢)(D1S1111 4 282011)

By =¢+D3+ (1= ¢)(D1S1122 + 2220 + S2033)
=¢+Ds+(1—=0)[Siin + (14+D1)S»1]

By = ¢D\ + Dy + (1 — ¢)(Si122 + D122 + S233)

Bs=¢+D3+ (1 —¢)(Si122 + S2220 + D1 S2033)

and

i é;i%‘:z;) )/ e n)
A/ (A = Am)
—2(r = ) / (A6 = Am) =3

where Ay, 1, and Ag, u, are the Lame’ constants of the matrix
and inclusions, respectively.

From Egs. (16)—(18), the ratio of the equivalent transfor-
mation strain, A}, and A}, can be calculated as follows

D4(2B, — B, — Bs)

A= 19
""" (2B,By — B B, — BBs)’ (19)
D4(B; —B
and A, = s(Bs —B1) (20)
(2B,B; — B\B, — B\Bs)

3.3. Calculation of the coefficients of thermal expansion

Composite materials, in general, have different CTEs in
each of the three coordinate directions; however, when the in-
clusions are characterized by a single aspect ratio and are
aligned along the axis directions, two of these coefficients
are equal. The longitudinal CTE, «;;, can be determined
from A%, of Eq. (19) and the effect of volume fraction of filler
from Eq. (9)

o D,(2B, —B,—B
i: 1 +¢ 4( 2 4 5) (21)
[ (ZBng —BIB4 —BlBs)

Similarly, the CTE, «33, for such composites can be deter-
mined from A}; of Eq. (20) and the effect of volume fraction
of filler using Eq. (9)

Dy(B; —B
@:1+¢ 4 (B3 1)
Om (23233 *B]B4 *BIB5)

(22)

For the fiber-like inclusions, the transverse CTE «y, and the
bulk CTE vy are expressed by

Qpy = 033 (23)
v =an+2asx (24)

For disc-like inclusions, the CTE «», and the bulk CTE v are
expressed by

Oy = O (25)

Y =2an + o (26)

4. Numerical results and discussion

The effects of the aspect ratio and the volume fraction of
inclusions on the CTE are illustrated here for composites con-
sisting of glass particles of various shapes in an epoxy resin
matrix. The material properties of the epoxy resin and the
glass particles taken from the literature [5,32] are listed in
Table 1; the properties of the glass determined for fibers are
assumed, in the absence of other information, to apply for
other shapes.

The predicted CTEs of composites, normalized by that of
the matrix, in the longitudinal direction «y; /ey, and the trans-
verse direction a3/, are shown in Fig. 2 as a function of the
aspect ratio p, (=a;/az) for given volume fractions of filler
ranging from ¢ =0.1 to 0.5. The results for disc-like inclu-
sions (or discs) in Fig. 2(a) show similar trends as seen for
fiber-like inclusions (or fibers) in Fig. 2(b). For spherical in-
clusions, the coefficients (w33 = «j;) are simply a function
of the concentration of filler and decrease as ¢ increases
mainly due to dilution of the matrix, which has a higher
thermal expansion, with the filler, which has a lower thermal
expansion. The longitudinal CTE ratio to that of the polymer
matrix, a1/, monotonically decreases with filler concentra-
tion ¢ as the aspect ratio increases from unity; conversely, the
transverse CTE ratio, a3/, increases with aspect ratio for
all ¢.

The decrease in «y;/ay with aspect ratio is due to the me-
chanical constraint the filler provides against the expansion of
the matrix in the longitudinal direction. On the contrary, the
transverse thermal expansion as3/ay, increases with aspect
ratio (for low enough ¢) since the longitudinal restraint by
the inclusions squeezes the polymer matrix outwardly in the

Table 1

Material properties for epoxy resin and glass fibers
Density Modulus  Linear CTE x  Poisson’s Bulk modulus
(Kg/m®) (GPa) 105 (K1 ratio (GPa)

Epoxy 1200 E, 276 ay 81 v 035 3.06

Glass fiber 2540 E: 724 o 5.0 v 020 40.2

The material constants were taken from Refs. [5,27].
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Fig. 2. Normalized coefficients of longitudinal, «y;/om, and transverse,
o33/ o, thermal expansion for the disc-shaped (a) and fiber-shaped inclusions
(b) as a function of aspect ratio, p,, for various filler volume fractions, ¢.
Calculations represent the case where the components have the properties
listed in Table 1.

transverse direction. Therefore, the influence of aspect ratio,
for a given volume fraction of filler, leads to opposite effects
on the longitudinal and transverse CTEs.

The rate of decrease of «; /ay, with aspect ratio, for a given
¢, is somewhat greater for fibers than for discs. In addition, the
rate of initial increase of a33 /oy, With aspect ratio for fixed ¢ is
less for fibers than discs. The expansion change in the x, direc-
tion is the same as that in the x; direction for discs, i.e., a2 /ot =
ay1 /o, while for fibers it is the same as in the x5 direction,
a2 /o = @33/ oy Generally, one is interested in reducing the
linear CTE, and the advantages of discs is that they reduce
expansion in two directions (a;; = ap < a33), while fibers
only do so in one direction (a1 < ap = a33).

For discs and fibers, the thermal expansion coefficients in
the longitudinal «;; and transverse sz directions approach
fixed values for each volume fraction, ¢, as the aspect ratio
increases in Fig. 2.

The CTEs of composites, a1/, and az3 /o, predicted by
the current model are compared with those from the Chow
model in Fig. 3 as a function of the aspect ratio p, (=a;/a3)
for fixed volume fractions of filler ¢ = 0.25, 0.5 and 0.75. The
results for discs predicted by the current model show similar
trends as the Chow model in Fig. 3(a), while the difference be-
tween the two models is greater for fibers as shown in Fig. 3(b).

In all cases, the CTE in the limit as p,— o (or >100),
approach a constant value as expected by a simple rule of
mixtures for Young’s modulus and thermal expansion, as pro-
posed by Schapery [14] on the basis of Hill’s limitation for the
effective mechanical properties of composites [2]. For modu-
lus, the relationship for Ej; is

Ey=En(1—9¢)+Ep (27)
(a) | Disc-shaped Inclusions |
1.6 T— — Current model
—— Chow model
1.4 1 Olgalot,
1.2 1 pe=1
£
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Fig. 3. Comparison of normalized coefficients of longitudinal, a;/a, and
transverse, 33/, thermal expansion for the disc-shaped (a) and fiber-shaped
inclusions (b) computed for the current model and the Chow model as a func-
tion of the aspect ratio, p, = aj/as, for fixed volume fractions of filler,
¢ =0.25, 0.5 and 0.75 where the components have the properties listed in
Table 1.
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Fig. 4. Comparison of normalized coefficients of longitudinal, oy/ay,, and
transverse, o33/an, thermal expansion for the fiber-shaped inclusions as
a function of the volume fraction of filler, ¢, for fixed aspect ratios, p, =
100 for the Chow model and the current model and p, — % for Schapery’s
theory.

This result is actually valid for an arbitrary number of fibers
regardless of the Poisson’s ratio, since the fibers and matrix
do not interact under loading in the x;-direction. Thus, the
axial coefficient can be expressed in terms of the Young’s
modulus of each phase. The relationship for the longitudinal
CTE, «ay;, given by Schapery [14] is

_ E‘mam(1 - ¢) +Efaf¢
C En(1-9¢)+E¢

(28)

(4371

For the prediction of the transverse CTE, the transverse tensile
moduli approach values close to the lower bound in the limit
as p, — %; hence, the mean values for ay and o33 will be
close to the rule-of-mixtures. The relationship for the trans-
verse CTE, as3, given by Schapery is

N33 = (1 +Vm)am(1 *(]5) + (1+Vf)0lf¢*a11 ((Xm(l *(ﬁ) +Vf¢)
(29)

Predicted longitudinal, &y /oy, and transverse, as3 /oy, CTE
ratios versus the volume fraction of filler, ¢, for fiber-shaped
inclusions are compared in Fig. 4 for fixed aspect ratios,
p, = 100 for the Chow model and the current model and
p,— o for Schapery’s theory. The limiting values of
a1/, from Schapery’s theory are the lowest, because the

Table 2

4179

composite is assumed to consist of a matrix with relatively
stiff and parallel fibers that are continuous and unidirectionally
aligned. The current model gives a result just slightly greater
than Schapery’s limit. Whereas the Chow model gives very
different results for «j;/am. The current model gives lower
values of as3/a, than Schapery’s theory but the trends are
similar; at high volume fractions, the Chow model matches
the values from Schapery’s theory quite well. In Table 2, nor-
malized longitudinal, transverse, and bulk, CTEs are com-
pared for the fiber-shaped inclusions for fixed aspect ratios,
p, = 100 with the Chow model and the current model and
p,, — o with Schapery’s theory.

Fig. 5 shows the normalized coefficients of longitudinal,
a1/ o, transverse, ozs/am, and bulk thermal expansion,
v/3am, as a function of volume fraction of filler for aspect
ratios p, = 10 (Fig. 5(a)) and 100 (Fig. 5(b)) for disc and
fiber-shaped inclusions. As the volume fraction of filler ¢ in-
creases, 1) monotonically decreases for all aspect ratios and
shapes owing to the mechanical constraint effect. On the con-
trary, ass first increases owing to the compensation for the
decrease in «;; but then decreases and eventually becomes
less than «p, at high loadings owing to the dilution effect.
For fibers, the normalized longitudinal coefficients, ay;/om,
decrease faster than that for discs for both aspect ratios consid-
ered. On the contrary, the transverse coefficients, as3 /oy, for
the discs are larger than for the fibers for both aspect ratios.
However, the effect of particle shape on the normalized bulk
CTE v/3ay, is relatively small compared with both of the lin-
ear CTE. The values for discs are slightly smaller than those
for fibers.

The maximum in a3 versus ¢ means that for a given aspect
ratio different loadings, i.e., values of ¢, can exhibit the same
value of a33. Because of the conflicting effects that determine
the predicted values of as3, plots of a33/ay, versus aspect ratio
for one value of ¢ may cross a line for another value of ¢ once
or even twice as illustrated in Fig. 6.

The range of volume fractions where a3z > ap, is much
broader for composites containing disc-shaped inclusions
than those containing fibers; likewise the extent to which a3
exceeds a, in this region is considerably greater for discs
than fibers. The lines in Fig. 7 define the locus of ¢ and p,
values where o33 = «y, (other than ¢ =0) for discs and for
fibers. The regions where a3z > an, lie above and to the left
of each curve. This condition occurs at lower aspect ratios
and over a broader range of ¢ for discs than fibers. This stems
from the fact the discs can constrain matrix expansion in two
directions while fibers can do so in only one; this means that

Comparison of normalized coefficients of longitudinal, ay; /o, transverse, a33/am, and bulk, /3o, thermal expansion for the fiber-shaped inclusions for fixed
aspect ratios, p, = 100 with the Chow model and the current model and p, — o with Schapery’s theory

Volume fraction Chow model

Schapery’s theory

Current model

of filler an/om 33/ v/30m o/ a3/t v/300m a1/, 33 /0 v/30m
25% 0.525 0.954 0.811 0.158 0.982 0.707 0.179 0.920 0.673
50% 0.294 0.692 0.559 0.0961 0.686 0.489 0.115 0.614 0.448
75% 0.155 0.379 0.304 0.073 0.376 0.275 0.090 0.331 0.251
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Fig. 5. Normalized coefficients of longitudinal, oy /o, transverse, ass/om,
and bulk, v/3 0y, thermal expansion for disc-shaped (closed) and fiber-shaped
(open) inclusions as a function of filler volume fraction for aspect ratios p, =
10 (a) and 100 (b).

the squeezing effect that causes a3 > oy, iS greater in magni-
tude and over a broader region of ¢ for discs than fibers.
Fig. 8 shows the normalized bulk CTE (the sum of the lon-
gitudinal and the transverse CTEs) normalized by that of the
isotropic matrix, i.e., v/3am, as a function of the aspect ratio
for fixed volume fractions of filler. For the numerical case
being considered, the bulk thermal expansion decreases, as
p, and ¢ increase. Since the longitudinal and the transverse
CTEs can show opposite trends, there is a tendency for cancel-
lation of the effects of mechanical constraint by the inclusions.
Hence, the bulk CTE shows much less effect of the aspect
ratio of the filler than do the linear CTE. The bulk CTE of
composites more nearly complies with a linear mixture rule;
however, the values calculated from the current model are a lit-
tle less than this for spheres, p, = 1, and decrease to a certain
lower-limit value, as the aspect ratios increase. The extent of
the decrease is greater for discs than fibers, as seen in

(a)
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Fig. 6. Normalized coefficients of transverse thermal expansion, os3/om, as
a function of aspect ratio p, for volume fractions ¢ selected to illustrate
how the non-monotonic relation with ¢ affect the trend with p,, for disc-
shaped (a) and the fiber-shaped inclusions (b).
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Fig. 7. Regions of filler volume fraction and aspect ratio where the normalized
coefficient of transverse thermal expansion, os3/om, is greater than or less
than unity for fiber-shaped (closed) and disc-shaped (open) inclusions.
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Fig. 8. Comparison of normalized bulk coefficients of thermal expansion,
v/3a,,, for disc-shaped and fiber-shaped inclusions as a function of aspect
ratio, p,, for fixed filler volume fractions.

Fig. 8, owing to the two-dimensional versus one-dimensional
constraints inherent to these shapes.

5. Conclusion

The model described here differs in some details from the
Chow model [10—12] and is believed to be more accurate;
an important advantage of the current approach is that it pro-
vides a useful route to develop a model for inclusions having
more complex shapes, described by two aspect ratios, as pre-
sented in a subsequent paper.

Calculations are presented here for filler particles that have
a higher modulus and lower CTE (glass particles) than the
matrix (an epoxy resin). For p, = 1 (spheres), the thermal
coefficients decrease as ¢ increases due to the dilution of
the high CTE matrix with a low CTE filler. As the aspect ratio
increases, the linear coefficient of thermal expansion in the
direction of filler alignment, ¢, decreases for all ¢ due to the
mechanical constraint the filler provides against the expansion
of the matrix. On the other hand, the expansion in the perpen-
dicular direction, «s3, increases with aspect ratio for certain
values of ¢, since the restraint squeezes the polymer matrix
out in this direction. The reduction in «;; is greater for fibers
than discs while the increase in a3z is greater for discs than
fibers. These differences stem from the two-dimensional con-
straints caused by discs ()] = apy < a33) versus the one-
dimensional effect of fibers () < oz = a33). The opposite
thermal expansion behavior in the longitudinal and transverse
directions leads to a much smaller effect on the volumetric
expansion caused by inclusions. The values of «;;, a3z and
v approach limiting values for each ¢, for either shape, as
the aspect ratio becomes large (over 100). Such plateau values
approximate the properties of composites, comprised of very
long fibers (or platelets). The values of «;;/ay, monotonically
decrease for both discs and fibers, as the filler volume fraction
increases for a given aspect ratio, while the values of a33/ap,

initially increase, go through maxima and eventually become
less than unity. There exist crossover points at certain condi-
tions for as3 /oy, as a function of aspect ratio at a given filler
volume fraction.
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Appendix
The following components of Eshelby’s S;;; tensor for the
cases that approximate spheres, discs and fibers are given

below.

For spherical inclusions (a;=a;=as or p, = 1)

7—5vy,
St = S22 = S3333 :715(1 “ o)
Sv, — 1
St = S = Sy = —om
22 = 523 = S = 5T
4 —5p,
1212 = S2323 = S3131 1501 =)

For disc-shaped inclusions (a; = a; > az)

1 p2—3
=312y 12w,
S e ey =l
3
- G
p§_1:| d(pa)}
S2222:S3333
B 3 1 N 1
81—y p2— 1 4(1—vy)

2

9,
4(p2 _ 1):| Gd(pa)

o

X [1—2vm+

S2033 = S33m

a0 1vm){2(p§1— 1) * {1 B

3p2

- m} Gd(ﬂu)}

S22I1 = S331I

o 1 1 3
C2(1—vp) p2—1 41 —vy) o2 -1

+ (1 —2vy) }Gd(pa)
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Sii =Sz
2
S RO
+2(]1vm)[1 - 2(;{’3‘ 1)} Galp,)
52323 :S3232
T4 1vm){2(p§1— 1) [1 2
+47(p3§p§ 1)]Gd(pa)}
Sizi2 = Sians
:4(1%%){1 —2vm—|—zgti—%[l—2vm
)

where vy, and p, are Poisson’s ratio of the matrix and the
aspect ratio of the inclusion (p, = a;/as), respectively, and

Ga(p,) is given by
1)]/2}

1 1
Ga(p,) = (pz_l);/z{l’i cosh™! (p) (e

o

For fiber-shaped inclusions

1

3p:—1 3p?
Slmm{l2vm+ pEa —{1—2Vm+ o Ge(p,,)

52222 = 53333

3 02 1
- g 1—2v,
8(1 = vm) p§—1+4(1—vm){ §

9

- m] Gf(poc)

o

82233:S3322
1 0’ 3
= = |1 =2vp+-——|Gilp,
4(1—vm>{2(p§—1> { A +4(;@—1)} f(’”}

S2211 :S3311

1 p% L1 3p
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—(1=2v) }Gf@a)
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where G¢(p,,) is given by

[ 1/2 _
Gelp,) = pu (02 1) P —cosh™ p, |

(p2—1)
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